Recent experiments show that mRNAs and proteins can be localized both in prokaryotic and eukaryotic cells. To describe such situations, I present a 3D mean-field kinetic model aimed primarily at gene expression in prokaryotic cells, including the formation of mRNA, its translation into protein, and slow diffusion of these species. Under steady-state conditions, the mRNA and protein spatial distribution is described by simple exponential functions. The protein concentration near the gene transcribed into mRNA is shown to depend on the protein and mRNA diffusion coefficients and degradation rate constants.
Introduction
Gene expression in cells includes polymerase-mediated gene transcription into mRNAs and non-coding RNAs and mRNA translation by ribosomes into proteins. Numerous kinetic models of the interplay of these processes are temporal (see, e.g., a general review by Kaern et al. [1] and reviews focused on stochastic effects [2] [3] [4] , oscillations [5, 6] , non-coding RNAs [7] , and complex genetic networks [8] [9] [10] [11] ). For example, the simplest equations for the mRNA and protein populations, N and , in a cell are as follows 
where is the transcription rate, υ is the translation rate constant, and and κ are the mRNA and protein degradation rate constants. Under steady-state conditions, these equations yield
= υ /(κ )
The mRNA and protein formation and degradation are described here on the level of rates or rate constants. In reality, these kinetic parameters depend on the concentrations of polymerase, transcription factors, ribosome, and the enzymes processing mRNAs and proteins. The temporal equations for describing the kinetics of gene expression do not specify the location of RNAs and proteins. To justify these equations, RNAs and proteins are often assumed to be uniformly distributed in a cell. The conventional theoretical validation of this assumption is based on the estimation of the diffusion length, = (Dτ) 1/2 , corresponding to the RNA and protein life spans, τ = 1/ or 1/κ. The RNA and protein gradients are considered to be negligible inside a cell provided that R
where R is the cell size (e.g., radius if a cell is spherical). According to hydrodynamics, one has D = B T /(6πη ), where is the RNA or protein radius, and η is the water viscosity. With the corresponding values of the diffusion coefficients, condition (5) is usually fulfilled. Despite the arguments above, the experimental studies performed during the past decade indicate that RNAs and proteins can be localized both in prokaryotic and eukaryotic cells (see, e.g., recent studies of RNA patterns in bacteria [12] [13] [14] [15] and reviews focused on localization of proteins [16, 17] and RNAs [18, 19] ). Although the understanding of the biophysics behind such observations is now limited, the results obtained are indicative of at least two general scenarios of localization (reviewed in Ref. [18] ). The first scenario implying slow RNA and/or protein diffusion can be validated taking into account that due to macromolecular crowding in cells [20] the RNA and protein diffusion coefficients are often much lower compared to those predicted by hydrodynamics. For this reason, condition (5) may fail, and RNAs and proteins can be localized near the transcription sites, i.e., near chromosomes and/or plasmids. The second general scenario of RNA and protein localization is based on the ability of some of RNAs and/or proteins to aggregate and form complexes (such complexes are often attached to membranes). The latter ("diffusion and capture") scenario can be realized even if the RNA and protein diffusion is fast.
The available theoretical studies of RNA and protein localization are focused on the situations with slow RNA and/or protein diffusion. In particular, we may mention 2D Monte Carlo simulations with mRNA and protein diffusion [21] , 3D Monte Carlo simulations with mRNA diffusion [22, 23] , mean-field analysis focused on the non-coding RNA diffusion [24] , and general mean-field analysis of the stability of solutions of reaction-diffusion equations [25] .
Complementing the available experimental and theoretical studies of RNA and protein localization, we present in this Communication a generic 3D spatiotemporal kinetic model of gene expression including mRNA and protein diffusion. Our analysis, aimed primarily at prokaryotic cells, is focused on the case of slow diffusion implying that R (
In this limit, we obtain analytical expressions for the mRNA and protein spatial distributions under steadystate conditions. Despite their simplicity, the results presented are novel (compared to those obtained in Refs. [21] [22] [23] [24] [25] ) and instructive.
General equations
We analyze the transcription of a single gene into mRNA and mRNA translation into protein. The mRNa and protein concentrations, C (r ) and (r ), are described inside a cell by the reaction-diffusion equations,
where D and are the corresponding diffusion coefficients, δ(r) is the delta function implying that the gene is located at r = 0 and accordingly the mRNA synthesis occurring via gene transcription takes place at r = 0 (the other designations are as in the Introduction). Specifically, the gene is considered to be located in the centre or at one of the poles of a cell. The mRNA translation into protein is assumed to be possible everywhere, and the corresponding rate is proportional to the local mRNA concentration. This assumption, implying that the ribosomes are homogeneously distributed in a cell, is reasonable for prokaryotic cells. In eukaryotic cells, the ribosomes diffuse in the cytoplasm or are attached to the cytosolic side of the membrane of the compartments of the endoplasmic reticulum, and therefore Eq. (8) does not hold. Thus, our model defined by Eqs. (7) and (8), is applicable to prokaryotes. Eq. (7) and the corresponding results may, however, be applicable to eukaryotes as well. In our treatment, condition (6) is assumed to hold for mRNA and for protein as well. In this case, these species are localized primarily near the gene, and the boundary conditions near the cell membrane become insignificant. Practically, the latter means that we can consider that there are no spatial limitations on diffusion. Adopting this approximation allows us to simplify the integration of Eqs. (7) and (8) . In particular, the mRNA concentration can be represented as where
is the Green function for Eq. (7). Substituting (10) into (9) yields
For the protein concentration, we have
where
is the Green function for Eq. (8) .
If depends on and/or the conditions are transient, the mRNA and protein concentrations can be easily calculated numerically by using expressions (11) and (12) . Under steady-state conditions (with = ), the mRNA and protein concentrations can be calculated analytically also by using expressions (11) and (12) or by direct integration of Eqs. (7) and (8) . In particular, Eq. (7) can be rewritten under steady-state conditions as 
Employing expression (11) or Eq. (14), we obtain
where α = ( /D) 1/2 . Taking (3) into account, we can rewrite expression (16) as
The latter expression shows as expected that
The corresponding radial distribution of mRNA ( Fig. 1) is given by
Under steady-state conditions, Eq. (8) is reduced to
If C (r) is replaced in this equation by the delta function at r = r , i.e.,
we get
where β = (κ/ ) 1/2 . The solution to Eq. (20) is given by convolution of C (r) and expression (22) 
Substituting (16) into (23) [or (12)], we obtain after integration
Taking (4) into account, we rewrite the latter expression as
Integrally, as expected, we have
The radial distribution of protein (Fig. 2) is defined by
If α = β, expression (25) is reduced to
If α β, expression (25) is simplified as ( )
The latter expression is similar to (17) . At → 0, expression (25) yields
Conclusion
The model presented predicts that under steady-state conditions the localized distribution of mRNAs and proteins is described by simple exponential functions [(16) and (24); Figs. 1 and 2] . The shape of these functions is instructive from the tutorial point of view. In addition, the functions can be used to fit measured mRNAs and protein distributions. A good example of such measurements is the recent observation that several mRNAs, chromosomally expressed in Caulobacter crescentus and Escherichia coli, display limited dispersion from their site of transcription during their lifetime [14] .
The protein concentration near the gene is shown to depend on the protein and mRNA diffusion coefficients and degradation rate constants. The corresponding expression (30) may be useful to describe the situations when the transcription of a gene into mRNA is regulated by the protein synthesized by translation of this mRNA or other mRNA transcribed in proximity. The former situations representing self-regulation are abundant (this type of regulation is inherent, e.g., to half of the repressors in Escherichia coli [8] ). The latter situations are also general and accordingly expected to be potentially important. In this context, it is of interest to notice that the localization of RNAs and proteins is now believed to be a rational explanation why the genes encoding interacting proteins frequently cluster [14] (reviewed in Ref. [18] ). This way of transcription and translation is energetically efficient, because functionally related proteins are synthesized close in space and time and accordingly may operate even if their populations are relatively small.
